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1 Introduction 



The reader should see [K] for the standard descriptive set theoretic notation used in this paper. 
We study a definable coloring problem. We will need some more notation: 

Notation. The letters X, Y will refer to some sets. We set A(X) := {(xq, X\) eX 2 \ xq = x\}. 

Definition 1.1 (1 ) Let AC X 2 . We say that A is a digraph ifAC\A{X) = 0. 

(2) Let Abe a digraph. A countable coloring of (X, A) is a map c: X — > uj such that A does not 
meet (cxc) _1 (A(w)). 

In [K-S-T], the authors characterize the analytic digraphs of having a Borel countable coloring. 
The characterization is given in terms of the following notion of comparison between relations. 

Notation. Let X, Y be Polish spaces, A (resp., B) a relation on X (resp., 1"), and T a class of sets. 

(X,A) ^ r {Y,B) o 3f:X^Y Immeasurable with AC (/ x f)~ 1 (B). 

In this case, we say that / is a Y -measurable homomorphism from (X, A) into (Y, B). This notion 
essentially makes sense for digraphs (we can take / to be constant if B is not a digraph). 

We also have to introduce a minimum digraph without Borel countable coloring: 

• Let tp : co — > 2 <w be the natural bijection. More specifically, ^(0) := is the sequence of length 0, 
■0(1) :=0, ip(2) := 1 are the sequences of length 1, and so on. Note that \ip(n)\ <n if n£w. Let n£uj. 
As \^{n)\ < n, we can define s n := ^(n)0 n ~'^ (n ' ) l The crucial properties of the sequence (s n ) n&ul 
are the following: 

- For each s <G 2 <w , there is new such that sQs n (we say that (s n ) n€uJ is dense in 2 <tJ ). 

- \s n \=n. 

• We put G := {(s n 07, s n lj) j n € lo and 7 G 2 W } C 2 W x 2 W . Note that G is analytic since the map 
(n, 7) 1 y (s n 07, s n l7) is continuous. 

The previous definitions were given, when T = A{, in [K-S-T], where the following is proved: 

Theorem 1.2 (Kechris, Solecki, Todorcevic) Let X be a Polish space, and A an analytic relation on 
X. Then exactly one of the following holds: 

(a) There is a Borel countable coloring of (X, A), i.e., (X, A) (w, -iA(w)), 

(b) (2-, Go) (X,A). 

This result had several developments during the last years: 

- We can characterize the potentially closed sets via a Hurewicz-like test, and in finite dimension it 
is a consequence of the previous result. Let us specify this. The following definition can be found in 
[Lo2] (see Definition 3.3). 



2 



Definition 1.3 (Louveau) Let X, Y be Polish spaces, A a Borel subset ofXxY, and T a Borel class. 
We say that A is potentially in V (denoted A G pot(Y)} iff we can find a finer Polish topology a 
(resp., t) on X (resp., Y) such that A G T((X, a) x (Y, r)) . 

In particular, the potentially open sets are exactly the countable unions of Borel rectangles. A 
consequence of this is that the Borel hierarchy build on the Borel rectangles is exactly the hierarchy 
of the classes of the sets potentially in some Borel class. 

The good notion of comparison to study the pot(r) sets is as follows. Let Xq,Xi,Yq,Yi be 
Polish spaces, and Af ) ,A\ disjoint analytic subsets of X £ xY £ . Then we set 

{X ,Y ,A°,A*) < (X 1 ,Y l ,A 1 Q ,A\)^ 

3f:X ^X 1 3g:Y ^Y l continuous with VeG 2 A° £ <Z(f x g)- 1 (A 1 £ ), 

The following theorem is proved in [LI], and is a consequence of Theorem 1.2: 

Theorem 1.4 Let X, Y be Polish spaces, and Aq, A\ disjoint analytic subsets ofXxY. Then exactly 
one of the following holds: 

(a) The set Aq can be separated from A\ by a potiY^) set, 

(b) (2-,2-,A(2-),G ) < (X,Y,A ,A 1 ). 

In [LI], it is also proved that we cannot have / one-to-one in Theorem 1.2.(b) in general. It is easy 
to check that Theorem 1.2 is also an easy consequence of Theorem 1.4. This means that the study of 
the Borel countable colorings is highly related to the study of countable unions of Borel rectangles. 

- We can extend Theorem 1.2 to any finite dimension, and also in infinite dimension if we change the 
space in which lives the infinite dimensional version of Go (see [L2]). 

- B. Miller recently developped some techniques to recover many dichotomy results of descriptive 
set theory, but without using effective descriptive set theory. He replaces it with some versions of 
Theorem 1.2. In particular, he can prove Theorem 1.2 without effective descriptive set theory. 

When A is Borel, it is natural to ask about the relation between the Borel class of A and that of the 
coloring / when Theorem 1.2. (a) holds. This leads to consider A°-measurable countable colorings 
(or equivalently S^-measurable countable colorings). We have the following conjecture: 

Conjecture 1 Let 1 < £ < oj\. Then there are 

- a ^-dimensional Polish space X^, 

- an analytic relation A^ on X^ 

such that for any ^-dimensional Polish space X, and for any analytic relation A on X, exactly one of 
the following holds: 

(a) (X,A) ^ A o (w,-.A(w)), 

(b) (X f ,A f ) r< s? (X,A). 

We will prove it when 1 < £ < 2, and in these cases we do not have to assume that A is analytic. 
A sequence s G 3 <w will be said to be suitable if s = or s(\s\ — 1) = 2. We will have X2 := 3 W and 
A 2 :={(s0a,sl/3) | s suitable A a, /3 G 2 W }. 
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We saw that the study of the Borel countable colorings is highly related to the study of count- 
able unions of Borel rectangles, and gave some motivation for studying E^-measurable countable 
colorings. This motivates the study of countable unions of rectangles. Another motivation is that 
(X, A) ^ A o (u, -iA(cj)) is equivalent to the fact that A(X) can be separated from A by a (S"xS^) ff 
set, by the generalized reduction property for the class S° (see 22.16 in [K]). 

Conjecture 2 Let 1 < £ < uj\. Then there are 

- ^-dimensional Polish spaces X^, X^, 

- disjoint analytic subsets A°, A^ o/X^ x X^ 

such that for any Polish spaces X, Y, and for any pair Aq, A\ of disjoint analytic subsets of X xY, 
exactly one of the following holds: 

(a) The set Aq can be separated from A\ by a x S°) CT set, 

(b) (x°,x|,A°,Ai) < pr,y,4),Ai). 

It is easy to prove this when £ = 1. Our main result is that Conjecture 2 holds when £ = 2. We 
now describe our minimum example (X§,X£, A§, A£). 

Notation. We put X§ := 3 W \ {sl/3 \ s suitable A j3 € 2"}, X^ := 3" \{sOa | s suitable A a £ 2"}, 
Af]:=A(X° nXj) and A* := A 2 := {(sOa, sl/3) | s suitable Aa,/3e2 w }. 

We use effective descriptive set theory, and give effective strengthenings of our results. The 
reader should see [M] for basic notions of effective descriptive set theory. In particular, we will see 
that to test whether an analytic relation has a S°-measurable countable coloring, it is enough to test 
countably many partitions instead of continuum many. We will use the topology T 2 generated by the 
S\ (~l Yl\ subsets of a recursively presented Polish space (introduced in [Lol]). Our main result can 
be strengthened as follows (see [L3]). 

Theorem 1.5 Let X,Y be recursively presented Polish spaces, and Aq,A\ disjoint subsets of 
XxY. The following are equivalent: 

(a) The set Aq cannot be separated from A± by a (£ 2 x £ 2 ) CT set - 

(b) The set Aq cannot be separated from Ai by a A\(l x S 2 )o- set - 

(c) The set Aq cannot be separated from A\ by a S5(T 2 x T 2 ) set. 

(d) A nAl T2XT2 ^. 

(e) (X°,Xi,A°,A*)<(X,y,A),^i). 
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2 Some general effective facts 



One can hope for an effective strengthening of Conjecture 1 : 
Effective conjecture 1 Let 1 < £ < oj\. Then there are 

- a ^-dimensional Polish space X^, 

- an analytic relation A^ on X^ 

such that (X^, A^) 2< A o (lu, -A(u;)) and for any a G uj w with 1 < £ < ujf, for any ^-dimensional 

recursively in a presented Polish space X, and for any S^(a) relation A on X, one of the following 
holds: 

(a) (X,A) ^ 4 i (a)nA o (w,-.A(a;)), 

(b) (X e ,A e ) ^ s o (X,A). 

We will see that this effective conjecture is true when 1 < £ < 2. The following statement is a 
corollary of this effective conjecture, and is in fact a theorem: 

Theorem 2.1 Let 1 < £ < oj^^, X a ^-dimensional recursively presented Polish space, and A a S\ 
relation on X. We assume that {X , A) ^ A o (w,-A(w)). Then (X, A) ^^i^o (w,-iA(w)). 

A consequence of this is that to test whether an analytic relation has a S^-measurable countable 
coloring, it is enough to test countably many partitions instead of continuum many Another con- 
sequence is the equivalence between Conjecture 1 and the Effective conjecture 1. We have in fact 
preliminary results that will help us to prove also the equivalence between (a)-(d) in Theorem 1.5, in 
the general case. 

Lemma 2.2 Let 1 < £ < cj^, X, Y recursively presented Polish spaces, and A G S\ (X) n X°, 
B G E{ (Y) n Eg and C G J}\ (X x Y) disjoint from AxB. Then there are A', B' G A\ n Eg such that 
A' x B' separates A x B from C. 

Proof. Note that A and {x G X \ 3y G B (x, y) G C} are disjoint S\ sets, separable by a Eg subset 
of X. By Theorems l.A and l.B in [Lol], there is A 1 G A\ n Eg separating these two sets. Similarly, 
B and {j/SF | 3x G A' (x, y) G C} are disjoint S\ sets, and there is B' G A\ n Eg separating these 
two sets. □ 

Theorem 2.3 Le? 1 < £ < wf^, X, Y recursively presented Polish spaces, and Aq, A\ disjoint E\ 
subsets of XxY. We assume that Aq is separable from A\ by a (S^xS^) ff set. Then Aq is separable 
from A x by a A\ n {{A\ n Eg) x (Z\J n Eg))^ ret 

Proof. By Example 2 of Chapter 3 in [Lo2], the family (N(n, X)) u is regular without parameter. 
By Corollary 2.10 in [Lo2], ng(X), as well as Eg(X) = ( |J T;<5 11° (-X"))^ are regular without 
parameter. By Theorem 2.12 in [Lo2], Eg(X)xEg(Y) is also regular without parameter. By Theorem 
2.8 in [Lo2], the family $ := (Eg(X)xEg(Y)) CT is separating which imply the existence of Se A\n§ 
separating ^4q fr° m A\ . 
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With the notation of [Lo2] , let n be an integer with (0°° , n) G W and Cq<x n = S. Then (0°° , n) is 
in W$, which by Theorem 2.8.(ii) in [Lo2] is 

< (a,n)eW | 3/3eA\(a) VmGw (a,0(m)) G W s o (x)xS o (y) A C Q , n = (J C a>p{m) \ . 

This implies that 5 G Z\J n (Z\J n (E - x E -))^. It remains to check that A\ n (Ejj x £°) = (Z\J n 
S°) x (Z\{ fl S°). The second set is clearly a subset of the first one. So assume that R = Ax B G 
A\ n (S°xS°). We may assume that R is not empty. Then the projections A, B are E\ since i?G A\. 
Lemma 2.2 gives A',B'eA\ n £1° with Ax J BCA'x5'Cii = J 4x5. □ 

Recall that if A is a relation on X and D C X, then D is A-discrete if A n D 2 = 0. 
Proof of Theorem 2.1. We apply Theorem 2.3 to F := X, A := A(X) and A 1 := A. As 

(X,A) ^ A „ (w,-.A(o;)), 

A(X) is separable from A by a (£j? x set. Theorem 2.3 gives C n , £> n G Z\J n such that 
S := Unew x D n G A{ separates A(X) from A. As the set of codes for A\ n £°- subsets of X 
is R~l (see Proposition 1.4 in [Lol]), the Z\J -selection theorem and the separation theorem imply that 
we may assume that the sequences (C n ) and (D n ) are A\. Note that (C n n D n ) is a Z\J covering 
of X into A-discrete Z\} n X° sets. As X is O-dimensional we can reduce this covering into a A\ 
covering (A n ) of X into A\ n S° sets, which are in fact A°. This gives the desired partition. □ 

Notation. Following [Lol], we define the following topologies on a O-dimensional recursively in a 
presented Polish space X, for any a G oj^ . Let T\ (a) be the usual topology on X, and for 2 < £ < wi, 
Tg(a) be the topology generated by the S\{a) n II ^ subsets of X. The next proposition gives a 
reformulation of the inequality (X, A) d:A\(a)nA° ( w i "^(cj)) °f tne Effective conjecture 1. 

Proposition 2.4 Le? 1 < £ < wj" , X a O-dimensional recursively presented Polish space, and A a 
T,\ relation on X. Then (X, A) d:A\nA° ( w i ~~A(u;)) is equivalent to A(X) n A T ^ xT( = 0. 

Proof. Assume first that (X, A) ^ 4 i nA o (oj, -A(w)). Then there is a partition (B n ) of X into A- 
discrete A\ n A° sets. In particular, Theorem LA in [Lol] implies that B n is a countable union of 
A\ n sets if £ > 2. In particular, B n is T^-open and A(X) is disjoint from A T( xT( . 

Conversely, assume that A(X) Pi A 6 = 0. Then each element x of X is contained in a A- 
discrete S\ n 11° ^ set (basic clopen set if £ = 1). Lemma 2.2 implies that each element x of X is in 
fact contained in a ^-discrete A\ n 11° ^ set if £ > 2. It remains to apply Proposition 1.4 in [Lol] and 
the Z\{ -selection theorem to get the desired partition. □ 
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One can also hope for an effective strengthening of Conjecture 2 generalizing Theorem 1.5: 



Effective conjecture 2 Let 1 < £ < oj\. Then there are 

- 0- dimensional Polish spaces 

- disjoint analytic subsets A®, A| of the space x X|, no? separable by a (S^ x set, 

such that for any aGuj^ such that 1 < £ < , /or any recursively in a presented Polish spaces X, Y, 
and for any pair Aq, A\ of disjoint E\{a) subsets of XxY, the following are equivalent: 

(a) The set Aq cannot be separated from Ai by a x set. 

(b) The set Aq cannot be separated from A\ by a n x S^) CT set. 

(c) The set Aq cannot be separated from A\ by a H\{T^{a) xT^(a)) set. 

(d) A nA; Tda)xTda) ^. 

(e) (X°,Xi,A°,A|) < 

In fact, the statements (a)-(d) are indeed equivalent: 

Theorem 2.5 Let 1 < £ < wp^, X, Y recursively presented Polish spaces, and Aq, A\ disjoint E\ 
subsets of XxY. The following are equivalent: 

(a) The set Aq cannot be separated from A\ by a 

(b) The set Aq cannot be separated from A\ by a A\ fl (5^ x set. 

(c) The set Aq cannot be separated from A\ by a S^T^ x T^) set. 

Proof. Theorem 2.3 implies that (a) is indeed equivalent to (b). It also implies, using the proof of 
Proposition 2.4, that (c) implies (a), and the converse is clear. It is also clear that (c) and (d) are 
equivalent. □ 

A consequence of this is that Conjecture 2 and the Effective conjecture 2 are equivalent. 



3 The case£ = l 

WesetXi:=2 w and A x :={(0 2fe+1 la, 2fc l/3) j k£u A a,/3G2 w }. 

Lemma 3.1 The space Xi is a ^-dimensional metrizable compact space, A\ is a relation on Xi, 
and (XijAi) j< A o (cu, ->A(a;)). 

Proof. The first two assertions are clear. We argue by contradiction for the last assertion, which gives 
/ :Xi — ^oj continuous with f(a)^f((3) if (a, f3) EA±. We set C n :=/ _1 ({n}), so that (C n ) n&J is a 
partition of Xi into Ai-discrete A.® sets. Choose n with 0°° G C n . Then l a G C n if z is big enough. 
This gives an integer k with 2fc+1 l°°, 2fc i°° G C„, and (0 2fe+1 l°°, 2fc i°°) G A x n C 2 , which is 
absurd. □ 
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Theorem 3.2 Let X be a ^-dimensional Polish space, and A a relation on X. Then exactly one of 
the following holds: 

(a) (X,A) ^ A o (w,-.A(w)), 

(b) (Xi.Ai) ^ s o (X,A). 

Moreover, this is not true, even if A is analytic, if X is not ^-dimensional, and we cannot have f 
one-to-one in (b) (with this couple (Xi, Ai) or any other). 

Proof. Note first that (a) and (b) cannot hold simultaneously, by Lemma 3.1. We enumerate a basis 
(N(n, -X")) new f° r the topology of X made of clopen sets. Assume that (a) does not hold. We build 

- an increasing sequence of integers (n k ) keuJ , 

- a sequence (x p ) peLJ of points of X. 

We want these objects to satisfy the following conditions: 

(1) (x 2 fc, x 2k +i) G A n N(n k , X) 2 

(2) N(n k+1 ,X)CN(n k ,X) 

(3) diam(N(n k ,X)) <2~ k 

(4) There is no covering of N(n k , X) into A-discrete clopen subsets of X 

• Assume that this is done. Then we can define a point x of X by {x} = C\ keLJ N(n k , X). Note that 
(x p ) tends to x. We define / : Xi -»• X by /(0°°) := z, /(0 2fc+1 la) := x 2fe and /(0 2fe l/3) := x 2k+1 . 
Note that / is continuous. Moreover, (/(0 2fc+1 la), /(0 2fe l/3)) = {x 2k , x 2k+i) G A, so that (b) holds. 

• Let us prove that the construction is possible. We set iV(n_i, X) := X. Assume that {n k ) k< i and 
(x2fc, £2fc+i)fc<z satisfying (l)-(4) have been constructed, which is the case for / = 0. We choose a 
covering of N(ni-\,X) with basic clopen sets of diameter at most 2~ l , contained in N(ni-i,X). 
Then one of these basic sets, say N(ni,X), satisfies (4). It remains to choose (x 2 u X21+1) in the set 
AC\N{n h X) 2 . 

• Consider now X :=M. and A := {(0, 1)}. Then (a) does not hold since R is connected. If (b) holds, 
then we must have /(0 2fe+1 la) = and /(0 2fc l/3) = 1. By continuity of /, we get f(0°°) = = 1. 

This would be the same with any (Xi,Ai). Indeed, as (Xi,Ai) ^ A o (u, -iA(w)), we have 

llo [Ai] fl III [Ai] / 0, since otherwise there would be a clopen subset C of Xi separating Ilo [Ai] from 
IIi[Ai], and we would have A(Xi) C C 2 U (^C) 2 C -1A1. So we can choose x € n [Ai] n IIi[Ai], 
x 2 k £ rio[Ai] such that (x 2 k) tends to x, y 2k +i G IIi[Ai] such that (y 2k +i) tends to x, y 2k with 
(x 2 k,V2k) G Ai, and x 2fc+ i with (x 2fc+ i, y 2 fe+i) G A x . Then /(x 2fc ) = 0, f(y 2k+1 ) = 1 and we 
conclude as before. 

• Consider X := 2 U and A := {0°°} x (2 W \{0°°}). Then (a) does not hold since if a clopen subset 
C of 2 W contains 0°°, then it contains also a / 0°°, so that (0°°, a) eifl (7 2 . If (b) holds, then 
/(0 2fc+1 la) = 0°° for each integer k and / is not one-to-one. 

This argument works as soon as IIo[Ai] has at least two elements. If we argue in the other factor, 
then we see that an example (Xi,Ai) with injectivity must satisfy that Ai is a singleton {(a,/?)}. 
As (Xi, Ai) ^ s o (2 W , Go), So take a clopen subset C of Xi containing a but not j3. Then 

A(Xi)CC 2 U (^C) 2 C^Ai. □ 
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Proposition 3.3 Conjecture 2 holds for £ = 1. 



Proof. We set Xf := X x , k\ := {(O 00 ^ 00 )} and A\ := A x . If (x,y) G A n ^i, then choose 

(x fc , y fc ) in Ax tending to (s, y), and set /(0°°) := x, g{0°°) := y, f(0 2k+1 la) := /(0 2fc l/?) := x k , 
g(0 2k+1 la): = g(0 2k ll3): = y k . □ 



4 The case £ = 2 

Lemma 4.1 The space X2 a ^-dimensional metrizable compact space, A2 is a £!] relation on X2, 
a«6?(X 2 ,A 2 ) 2^ A o (w, -A(oj)). 

Proof. The first two assertions are clear. We argue by contradiction for the last assertion, which gives 
/ : X 2 -> w A^-measurable with /(a) / /(/?) if (a, /3) G A 2 . We set C n := / _1 ({n}), so that (C n ) new 
is a partition of X 2 into A 2 -discrete A 2 sets. By Baire's theorem, there are an integer n and s G 2 <w 
such that C n contains the basic clopen set N s . Then (s20°°, s21°°) G A 2 n C 2 , which is absurd. □ 

We have a stronger result than Conjecture 1, in the sense that we do not need any regularity 
assumption on A, neither that X is O-dimensional: 

Theorem 4.2 (Lecomte-Zeleny) Let X be a Polish space, and A a relation on X. Then exactly one 
of the following holds: 

(a) (X,A) ^ A o (w,-.A(w)), 

(b) (X 2 ,A 2 ) ^ s o (X,A). 

Proof. Note first that (a) and (b) cannot hold simultaneously, by Lemma 4.1. If A is not a digraph, 
then choose x with (x, x) G A, and put /(a) :=x. So we may assume that A is a digraph. We set 

U:=\j{V€3%(X)\3D€T%(uxX) Vc\J D p AVpGw An (D p x D p ) = 0}. 
Case 1. C/ = X. 

There is a countable covering of X into ^4-discrete £!] sets. We just have to reduce them to get a 
partition showing that (a) holds. 

Case 2.XJ + X. 

Then Y :=X\U is a nonempty closed subset of X. 

Claim If$^W£ ^(Y), then there is no S 2 subset of lo x X whose sections are A-discrete and 
cover W. In particular, W is not A-discrete. 

We argue by contradiction. Let y£W, and Z an open subset of X with Z nY = W. As Z nU 
can be covered with some {J pew D p 's, so is Z. Thus Z C U, so that i/GZnyc U\U = 0, which is 
the desired contradiction. o 
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We construct a sequence {V s ) se3 <w of open subsets of Y, and a sequence (x s ) se3 <uj of points of 
Y. We want these objects to satisfy the following conditions: 

(1) xs€V 8 

(2) V S£ CV S 

(3) diam(y s )<2-l s l 

(4) (x s o, x s i) G A if s is suitable 

(5) x S£ = x s if e = 2 V s is not suitable 

• Assume that this is done. We define /:3 w ^FCIby {/(a)} := f| fcew V a\k = C\keuj V a\k> so that 
/ is continuous. Note that /(a) is the limit of x a \ k , and that 

x se = x se(a\l) = ■■■ = x se{a\(q+l)) 

for each (s,e, a) G3 <w x 2x 2 w . Thus f{ssa) = lim q ^ 00 x S£ ( a \ q ) = x S£ and 

(/(s0a),/( S l/3)) = (x s0 ,x sl )GA 

So (b) holds. 

• Let us prove that the construction is possible. We choose x$ G Y and an open neighborhood Vq 
of £0 in Y, of diameter at most 1. Assume that (V s ) se3 <i and (x s ) sg3 <; satisfying (l)-(5) have been 
constructed, which is the case for / = 0. 

An application of the Claim gives (x s q, x s \) G A n Vg if s is suitable. We satisfy (5), so that the 
definition of the x s 's is complete. Note that x s G V 8 \i if s G 3 l+1 . 

We choose an open neighborhood V s of x s in 1", of diameter at most 2 - ' -1 , ensuring the inclusion 
Vs C V^|j. This finishes the proof. □ 

Remark. We cannot replace (X 2 ,A 2 ) with (2 W , { (sOa, sl/3) | s e 2 <u A q,/3 G 2 w }). Indeed, 
otherwise we get f:2 w ^-3 w continuous with 

{(s0a,aip) | sG2 <w Aa,/3G2 aJ }c(/x/)- 1 ({(sOa,sl/3) | s suitable Aq,/3g2 w }). 

Thus (f(0^)J(0 k l°°)) = (s k 0a k ,s k l(3 k ) = (s 0a , s lf3 k ). But /(0°°) = s 0a is the limit of 
/(0 fc l°°) = sol(3 k , which cannot be. This shows that it is useful to take 3 instead of 2. 

Now we come to the proof of our main theorem. 

Lemma 4.3 The spaces X°, X5, are ^-dimensional Polish spaces, A®, A\ are disjoint analytic subsets 
0/X2 x X2, and are not separable by a (S° x S^o- set. 

Proof. The first two assertions are clear since X^X?, are G$ subsets of 3^, Aj^A?, have disjoint 
projections, = A(3 W ) n x X^) is closed and A^ is Eg. We argue by contradiction for the 
last assertion, which gives C n G n°(X°) and D n G II? (X£) with A° C |J nej (C n x D n ) C -.A£. 
In particular, X° n X^ = Unew n Ai> an d Baire's theorem gives n and s G 3 <w such that the 
inclusion N s n Xf] n X^ C C n n £>„ holds. Note that iV s n Xg C C n and N s n X^ C £> n . Then 
(s20 oo ,s21 oo )GA^ n (C n xZ) n ), which is absurd. □ 
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Remark. This proof shows that the spaces X°, X3, of Conjecture 2 cannot be both compact, which is 
quite unusual in this kind of dichotomy (even if it was already the case in [L2]). Indeed, our example 
shows that A°, A3, must be separable by a closed set C, and C, A3, must have disjoint projections. 
If X^XJj are compact, then C and its projections are compact too. The product of these compact 
projections is a x S!])^ set separating Af] from A3,, which cannot be. This fact implies that we 
cannot extend the continuous maps of Theorem 1.5.(e) to 3 W in general. 

Notation. We now recall some facts about the Gandy-Harringtion topology (see [L2]). Let Z be a 
recursively presented Polish space. The Gandy-H arrington topology on Z is generated by the E\ 
subsets of Z. We set := {z G Z \ ujf = u£ K }. Then fl is dense in (Z, GH), and W n tl is a 
clopen subset of (Q, Hz) for each W G E\(Z). Moreover, ($7, GH) is a O-dimensional Polish space. 
So we fix a complete compatible metric c?qjj on (fi, GH). 

Proof of Theorem 1.5. We already saw that (a)-(d) are equivalent at the end of Section 2. Lemma 4.3 
shows that (e) implies (a). So it is enough to show that (d) implies (e). We set N := Aq n A^ 2 ^ 2 , 
which is not empty. Lemma 2.2 implies that 

(x,y)$Af 2xT2 3C,DGSl nnf (x,y)eCxDC^A 1 
3C,DeA{ flS" {x,y)€CxDC->A 1 . 

This and Proposition 1.4 in [Lol] show that TV is S\. 

• Note that s is not suitable if and only if it is of the form uev, where u is suitable, e G 2 and v G 2 <tJ . 
If ^ s is suitable, then we set s~ := s|max{Z < \s\ \ s\l is suitable}. We construct 

- a sequence (x s ) s63 <w of points of X, 

- a sequence {y s ) S £3<^ of points of Y, 

- a sequence (U s ) se3 <u of subsets of X, 

- a sequence {V s ) se3 <u of 17° subsets of Y, 

- a sequence (W s ) s&<lJ su itable °^ ^i surjsets of 1x7. 

We want these objects to satisfy the following conditions: 

(1) (x s ,y s )eU s xV s 

(2) (x s ,y s ) G W s C iV n tt if s is suitable 

(3) C/ S£ C [Tg if s is suitable or s = uOv, and £/ u i„2 C U u 

(4) V^ e C y s if s is suitable or s = ulv, and T4ot>2 C T4 

(5) W a C W s - if / s is suitable 

(6) diam([/ s ),diam(y s )<2-l s l 

(7) diam GH (lY s ) <2"l s l if s is suitable 

(8) (xyo, y u i) g (Uq[(u u x v u ) n w u ] x n x [(c/ u x K) n w u ]) n 

(9) (X u0 t;,yul^) = (^u0,yul) 
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• Assume that this is done. Let a G X°. Then the increasing sequence (pk) of integers such that a\pk 
is suitable or of the form uOv is infinite. Condition (3) implies that {U a \ Pk )kew is non-increasing. 
Moreover, {JJ a \ Pk )kew is a sequence of nonempty closed subsets of X whose diameters tend to 0, so 
that we can define {f(a)} :=P|fc&j U a \ Pk ={ > \ k£ijJ U a \ pk . This defines a continuous map /: X° — >■ X 
with f(a) =limfc^ QO s Q i p([ . Similarly, we define grX?,— continuous with g(j3) =limfc^ 00 2//% fc - 

If a € X§ n X£, then the sequence (kj) of integers such that a\pk is suitable is infinite. Note 
that (W a \ Pk is a non-increasing sequence of nonempty closed subsets of Q, whose GH-diameters 

tend to 0, so that we can define F(a) by {F(a)} := f) - 6w W a \ Pk <Z N Q A . As F(a) is the 

limit (in (X x Y, GH), and thus inlxY) of (x a \ p , y a | p ) jeu , we get F(a) = (f{a),g(a)) . Thus 

Agctfxs)- 1 ^). 

Note that x S£ = x se r a \u = ... = x S£ ( a |(q+i)) for each (s, e, a) G 3 <UJ x 2 x 2 W . This implies that 
f(sOa) = lim^oo x s0(alq) = x s0 . Similarly, g(sl/3) = y sl and (f(s0a),g(sl/3)) = (x s0 ,y s i) G A x . 
Thus Ale (fxg)- 1 (A 1 ). 

• Let us prove that the construction is possible. As N is not empty, we can choose (#0,2/0) G iV n f2, a 
Z^ 1 subset W0 of XxY with (a^, 2/0) € Wjj C iVnSl of GH-diameter at most 1, and a neighborhood 
t/0 (resp., Vjj) of (resp., 2/0) of diameter at most 1. Assume that (x s ) s€3 <i, (y s ) s€ 3<i, (U s ) se3 <i, 
(Vs) se3 <i and (W s ) s& <i satisfying (l)-(9) have been constructed, which is the case for 1 = 0. 

Note that (x u , y u ) G (U u x V u ) PI W M C A^ 2 ^ 2 since it is suitable. We choose J7, V G Z^ with 
(x u , y u ) G [/xycI7xFc^ M x 14. As n £ [(U xv) n W u ] is E{ , n e [(£/x 7) n W u ] is x^ 1 n n?. In 
particular, II e [([/ x^)n W u ] is T2-open. This shows the existence of 



(x u0 , y ul ) G (U [{U xV)n W u ] x III [(17 x F) n w u }) n Ai. 

Note that (x u q, y u \) G J7 x F C U u x V u . We set x u \ :=x u , y u o :=y u . We defined x s , y s when sG3' +1 
is not suitable but s\l is suitable. 

Assume now that s is suitable, butnotsjL This gives (u,e,v) such that s = uei;2. Assume first that 
e = 0. Note that x n0 « = £«o G 1/uOu nn [(C/ u xT4) n W u ]. This gives x s G £/" u0t , n n [(U u xV u ) n Wj, 
and also y s with (x s , y s ) G ((£7 U n J7 u0 ^) x K) n W u = (f7 u0 t; x V u ) n W u . If e = 1, then similarly we 
get (x s , y s ) G (*7 U x V ulv ) n W u . 

If s and s\l are both suitable, or both non suitable, then we set (x s ,y s ) := (x s u,2/su)- So we 
defined x s ,y s in any case. Note that Conditions (8) and (9) are fullfilled, and that (x 8 ,y 8 ) G W s - if s 
is suitable. Moreover, x s G U s \i if s\l is suitable or s\l = uOv, and x s Gf7 M ifs = nlw2, and similarly 
in Y. We choose sets ?7 S , y s of diameter at most 2~ i_1 with 



(x a , y s ) £U s xV s cU s xV s c< 



U s \i x V s \i if s is not suitable or s\l is suitable, 

U s \i x V u if s = ii0w2, 
, U u xV s \i if s = ulu2. 

It remains to choose, when s is suitable, W s G El(X x 1") of GH-diameter at most 2~ i_1 with 
{x s ,y s )eW s CW s -. □ 
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